We study the dynamics of entanglement in spin gases. A spin gas consists of a (large) number of interacting particles whose random motion is described classically while their internal degrees of freedom are described quantum-mechanically. We determine the entanglement that occurs naturally in such systems for specific types of quantum interactions. At the same time, these systems provide microscopic models for non-Markovian decoherence: the interaction of a group of particles with other particles belonging to a background gas are treated exactly, and differences between collective and non-collective decoherence processes are studied. We give quantitative results for the Boltzmann gas and also for a lattice gas, which could be realized by neutral atoms hopping in an optical lattice. These models can be simulated efficiently for systems of mesoscopic sizes (N ∼ 10 5 ).
Introduction
We study the entanglement properties of spin gases. We define a spin gas as a system of interacting spins (or qubits) where the coupling strengths between the spins are stochastic functions of time. A system that could serve as a textbook example of a spin gas is the semi-quantal Boltzmann gas, where each particle carries an internal (two-level) quantum degree of freedom. During a collision of two particles, the internal degrees of freedom interact and can become entangled (see Fig. 1 ). The statistics of the collisions, described by kinetic gas theory, leads to randomly fluctuating coupling strengths between the spins. A similar situation arises in systems where the gas particles do not move freely in space, but are confined to lattice sites, between which they can classically hop with a certain probability. It is an intriguing question, how the evolution of the quantum state of the system is determined by the underlying classical thermodynamics of the gas. What kind of entanglement is created in the gas and at which rate? How is the equilibrium state of the gas characterized in terms of its entanglement? In this paper we will give an answer to these and to other questions, which make the study of spin gases interesting both from the perspective of thermodynamics and quantum information.
Spin gases differ from spin lattices in that the coupling strengths have no translational symmetry and evolve in time. Spin gases are more closely related to spin glasses, which have random, albeit static, couplings between the spins. Although there has been much recent work investigating e.g. the role of entanglement in quantum critical phenomena, [1] [2] [3] [4] [5] [6] [7] [8] there is little theoretical work studying disordered quantum systems such as spin glasses and spin gases from a similar perspective (see, however, Ref. 9 ).
We give a simple, and yet realistic, collision model for the particles carrying the spins, and study the quantum mechanical states that emerge from the dynamics of such a spin gas, which we also refer to as a semi-quantal gas. In full generality, this problem seems intractable for various reasons: the description of a many-body quantum state usually requires exponentially large resources; strong interactions do not allow for a perturbative treatment; random interactions prevent the appearance of symmetries and the corresponding reduction of the effective number of degrees of
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freedom; finally, the restriction to low-energy eigenspaces, suitable for the study of ground-state or low-temperature properties, cannot be applied here to the study of dynamics. State-of-the-art numerical methods are limited to systems of moderate size (up to a few hundred particles). Standard density matrix renormalization group methods can only treat systems with a bounded amount of entanglement (e.g. non-critical spin chains), 10 while the method of Ref. 11 allows one to simulate systems where entanglement scales with the surface of the block (e.g. some 2-dimensional spin lattices). In disordered quantum systems with random interactions, such as the spin gas studied here, entanglement will typically increase with the volume of the block, which implies that these numerical methods cannot be applied. Nevertheless, for Ising (or, more generally, commuting two-body) interactions we can calculate the full dynamics of the many-body state exactly, and efficiently compute its bipartite and multipartite entanglement properties, even for systems of mesoscopic sizes (N ∼ 10 5 ). Semi-quantal gases are not only toy models of theoretical interest, but could be experimentally realized with present-day technology and existing setups.
In this paper we characterize the quantum states that arise in spin gases, and calculate their expected entanglement properties. We point out here, that we describe the system by a pure state, albeit with random coefficients, and calculate expected properties by averaging them over different instances of the state. The formalism covers a range of different models of spin gases and allows us to identify essential quantum features of the system. The formalism can also be used to describe the quantum dynamics of a particular set of (probe) particles prepared in various initial states by tracing out the remaining particles in the gas. From this perspective, the gas provides a microscopic model for non-Markovian decoherence 12,13 that can be treated exactly even for large system sizes. The paper is structured as follows: we first introduce the formal framework to study spin gases, describe general entanglement properties, and then treat two specific models of a spin gas. We present numerical results for a lattice gas and analytical results for the semi-quantal Boltzmann gas. Further results for the Boltzmann gas can be found in Ref. 14.
Formal Preliminaries
We consider a situation where N particles move along some classical trajectories r k (t), while their quantum degrees of freedom interact according to a distance-and time-dependent Hamiltonian
where the function g(r k (t), r l (t)) is determined by the particular two-body interaction. We restrict ourselves to specific types of interactions, namely those where all H (kl) commute. Consequently, we find that after a time t the initial state |Ψ 0 evolves to
with
At a time t, the quantum state is fully determined by the N (N −1)/2 phases ϕ kl (t), which in turn are determined by the interaction history of the N particles. Each phase can be interpreted as a matrix element Γ kl = ϕ kl of an adjacency matrix Γ(t) defining a weighted graph. Thus, many entanglement properties of the state can be expressed in simple graph-theoretical terms.
We now focus our attention on the case of an Ising-type interaction with Ref.
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We further assume that all particles are initially prepared in the internal state |+ = 1/ √ 2(|0 + |1 ), and interact only when they collide, i.e. g(r kl ) = g o for r kl (t) = |r k (t) − r l (t)| ≤ d o and g(r kl ) = 0 otherwise. These restrictions are made for simplicity, but similar methods can be applied to general commuting H (kl) , arbitrary g(r k (t), r l (t)) and pure separable initial states (without additional overhead).
The evolution of the initial state |Ψ 0 = |+ ⊗N can be straightforwardly described in the standard basis {|0 , |1 } ⊗N ,
where the sum is carried out over all N -digit binary vectors s, i.e. over all 2 N different combinations of zeros and ones. We emphasize that all the time dependence is in the adjacency matrix Γ(t) of the graph. The parametrization of the quantum state in terms of a weighted graph that summarizes the "collisional history" of the gas is both intuitive and useful for our computations. Many properties of this global pure state can be understood in terms of the reduced density matrices of its subsystems. Since the unitary operations in (2) commute with each other, the evolution of a set A of N A particles can be separated into two contributions. The first entangles particles within A and is determined by the block Γ AA of the adjacency matrix. The second contribution couples the subsystem A to the rest B of the system through the off-diagonal block Γ AB . The effect of the latter can be obtained by tracing out the set of particles B from the state |Ψ t :ρ
The second equality is obtained by writing |s = |s A |s B , and the tilde inρ A indicates that interactions within subsystem A are not taken into account (Γ AA is set to zero). Clearly, the values of the block Γ BB do not affect the properties of either ρ A orρ A . In the standard basis, each off-diagonal element ("coherence") of the initial state is decreased by a factor, ρ sAs A (t) = C sAs A ρ sAs A (0), while diagonal elements remain untouched. The multiplying factor can be conveniently written as
where we have defined the N A -dimensional vector (Γ k ) j = Γ kj for each particle k ∈ B. In this form, we see that the total effect of the interactions with particles in B on a particular coherence C sAs A of ρ A can be obtained by multiplying the effects of each individual particle in B. More succinctly, if ρ
A is the state of the subsystem due to the sole effect of particle k ∈ B, then the state ρ A is obtained (up to normalization) by the Hadamard product of all {ρ
written in the standard basis, that is by their component-wise multiplication. This observation can also be understood within the context of Valence Bond Solids (VBS) as was recently shown in Ref. 16 . The decomposition into Hadamard products allows one to read off the matrix elements of ρ A from the adjacency matrix, but most importantly it signifies that one can efficiently compute reduced density operators ρ A of small subsystems A, even when the size N of the total system is essentially arbitrarily large. The computational effort scales only linearly with |B| in contrast to the general case where the computational resources to calculate ρ A scale exponentially with |B| (because the partial trace has to be performed over all 2 |B| basis states in B).
The time dependence of the quantum state of the system in terms of Γ(t) (4), together with the efficient method (6) to compute the state of (small) sub-systems are crucial properties that allow us to study spin gases. For a complete characterization of the dynamics, one still needs to find, for each particular gas model, the behavior of the stochastic function Γ(t). This task amounts to assigning a probability p Γ(t) to every collisional history Γ(t). However, in order to calculate the evolution of average properties, it is enough to have the probability distribution of the Γ's at every given time p t (Γ).
Entanglement and Decoherence
While entanglement of bipartite systems is rather well understood, entanglement properties of multipartite systems are in general difficult to determine. However, for pure global states, we can get a broad picture of the entanglement in a multipartite system by considering all possible splits of the set of parties in two groups (A and B), and analyzing their bipartite entanglement. For each of the 2
bipartitions, the entanglement properties can be completely determined from the Schmidt decomposition,
where the λ k are the eigenvalues of the reduced density matrix ρ A = tr B |Ψ t Ψ t |. The entropy of entanglement S A = −tr(ρ A log 2 ρ A ), i.e. the von Neumann entropy of the reduced density operator ρ A , provides a suitable measure of bipartite entanglement, quantifying bipartite aspects of multipartite entanglement. However, as mentioned before, the calculation of reduced density matrices is, in general, very difficult if not impossible (exponential scaling in both N A and N B ). Even the simple criterion to ascertain whether the system is entangled or not (rank(ρ A ) > 1 or = 1) may be impossible to check. For states |Ψ t which occur in the spin gases under consideration, many of these restrictions do not apply. First, we can use (6) to determine in an efficient way the density matrix ρ A of small subsystems A and hence calculate the entropy of entanglement with respect to all such bipartitions of the system. Interactions within A do not change the entanglement with the rest of the system and can therefore be ignored. We can also neglect the phase factors in C ss (6) , since they can be cancelled by applying local unitaries V
Second, we have a simple criterion for the presence of entanglement a : The state |Ψ t is entangled with respect to the partition A−B if and only if the two groups are connected (i.e. an interaction between some particle in A and some particle in B has taken place). We stress that since we can compute ρ A of small-sized subsystem, we can also compute quantities such as the multipartite Meyer-Wallach pure-state entanglement measure, 17, 18 which only depends on single-body density matrices, or the "correlation strengths"
19 for finite blocks, which depend on the reduced density matrices of the block and all of its reductions, or classical correlation functions like those used in generalized n-party Bell-inequalities.
20,21
A different approach to describe global aspects of the multipartite entanglement present in the gas is to ask whether or not entanglement can be created, or localized, between two arbitrary subsets of particles A 1 −A 2 by performing local operations on the other particles. Again, we find that for the class of states that emerge in the spin gas there is a very simple criterion to answer this question: entanglement between A 1 − A 2 can be created by local operations if and only if there exists an path between A 1 and A 2 in the corresponding graph. The necessity of the condition is obvious, while the sufficiency follows from these two facts: (i) Collisions where particle k is involved can be undone (up to local operations) by measuring k in the z-basis {|0 , |1 }. (ii) If some particle i is connected to a particle j via an intermediate particle k with generic phases ϕ ik and ϕ kj , then a projection onto a state |x k / ∈ {|0 , |1 } effectively creates an entangling operation on the particles i and j (unless both are in one of the states of the standard basis). One can hence perform measurements (e.g. along the x-axis) on the particles found in the connecting path, z-measurements on the rest, and ends up with an entangled pair. Determining whether two particles in a graph are connected is known as the reachability problem, which can be solved by an algorithm of O(N 2 ). One can try to optimize this procedure to obtain the maximum average entanglement, called localizable entanglement. This quantity, which has recently been introduced in Ref. 8 , is bounded from below by the two-point classical correlation function, and from above by the entanglement of assistance. Both bounds can be readily calculated from the reduced density matrix ρ A1A2 of the subsystems and can therefore be computed efficiently for the spin gas.
Let us now adopt a slightly different point of view that will prove useful in explaining some central features of our models. We focus our attention on a particular set of (probe) particles, and study the map E t (ρ) induced by their collisions with the other particles, which we call the background gas. On the one hand, the action of this map on the state j∈A |+ j givesρ A , which provides us with the necessary information to calculate the entanglement between A and the rest of the system. On the other hand, the action of the map can be understood as a decoherence mechanism acting on general states of probe particles.
A map is fully specified by its action on an operator-basis. In particular, it is straightforward to show that E t (|s s |) = C ss |s s |, with C ss given by (6) , as long as the state ρ B of the background particles fulfils tr(
b This means that in a possible physical realization of such decoherence studies one can relax the experimental conditions that would be necessary to keep the background gas in a coherent state. In addition, the Hadamard product structure of the maps has the same implications that we saw for states.
c Semi-quantal gases provide therefore an interesting model for decoherence in a mesoscopic environment. These models can be treated exactly and can be highly non-Markovian (i.e. show memory effects) in some regimes.
From (6), we find that if a part A1 of the probe subsystem A does not have any common collisional partners with the rest A2 of the subsystem then C sA,s A = C sA1,s A1 C sA2,s A2 where s A = (s A1 , s A2 ). Accordingly, we will say that the maps or channels acting on each part of the sub-system are independent (or uncorrelated). On the other hand, if two parts of the subsystem share collisional partners then some coherences will be nearly unaffected by such correlated collisions, while others will suffer an increased decay (as compared to uncorrelated collisions). For instance, consider the case where two probe particles (1 and 2) have a very similar collision pattern, i.e. Γ 2j = Γ 1j +δ j for all j, then it follows that coherences associated with |01 10| will only decay by a factor 2 −NB sB e iδ·sB , while |11 00| will be "superdamped" by 2 −NB sB e i(2Γ1+δ)·sB . The above conclusions follow directly from the values of the adjacency matrix at a given time. We now proceed to study the explicit time dependence of the map, where we concentrate on one central aspect: Markovian versus non-Markovian b The extension to an arbitrary state of the background gas is direct as long as its diagonal matrix elements in the standard basis are known. c The VBS picture can thus be extended to maps acting on a subset A by taking the Hadamard product of enlarged states
, and E l A is the action of particle l. One can then easily obtain the action of the total map by using the isomorphism between states and completely positive maps. 22 d However, there might actually be small correlations between the channels because the presence of a particle in the neighborhood of a probe particle might change the probabilities for a second particle to collide in a different part of the subsystem.
dynamics. Both effects can already be seen in the evolution of a single probe particle, and essentially correspond to the following two types of collision patterns that occur during a short time interval ∆t: (i) Markovian: at every time step δt the probe particle collides with a different particle and accumulates a small interaction phase δϕ. The state of the probe particle will then decohere exponentially fast with the number of time steps k = ∆t/δt: |ρ 01 | = [cos(δϕ/2)] k = e −∆t/τe with τ e ≈ 8δt/δϕ 2 . (ii) Non-Markovian (or coherent coupling): in the time interval ∆t a given gas particle has collided k times with the probe. The coherent addition of the interaction phase leads to a Gaussian type of decay:
) with τ g = 2δt/δϕ. Additionally, if we assume no control over quantum or classical degrees of freedom of the background gas, as in our the decoherence analysis, we should average the effect of the maps E t (ρ) over all possible collision patterns at the given time:C s,s (t) = dΓp t (Γ)C s,s (Γ) where p t (Γ) is the probability that at a time t the adjacency matrix is Γ. So, the phase factor in (5) suffers two types of averaging effects, one over collision histories, and the other one over all possible combinations of excited (i.e. state |1 ) collisional partners, i.e. over all s B . A complete characterization of the dynamics of the probe can be given in terms of the overall probability distribution p zA ( ). Here, = z A · Γ AB · s B is the phase in (5) for a given coherence specified by binary vector z A = s A − s A . One then finds that the coherence falls off essentially with the width σ Γ (t) of the distribution as exp(−σ Γ (t) 2 /2) and acquires a phase Φ ∼ . The two extreme regimes mentioned before correspond to σ Γ (t) ∝ √ t (Markovian) and σ Γ (t) ∝ t (non-Markovian). We point out, however, that the dynamics will typically be very rich showing combinations of both effects and further non-trivial features such as finite-size effects.
Boltzmann Gas
We consider a dilute ideal gas of N particles in thermal equilibrium with a mean free-path comparable to the size of the enclosing volume. The statistical state of the gas is fully specified by the density n, the volume V , and the temperature T . We assume Stosszahlansatz (or molecular chaos) and hence take a homogeneous and uncorrelated spatial distribution of the particles (density), and an uncorrelated velocity distribution. The latter is given by the Maxwell-Boltzmann distribution and is characterized by the single parameter σ = k B T /m, where m is the mass of the particles and k B the Boltzmann constant. We further assume a hard-sphere model for collisions between particles of diameter d and that at every collision particles acquire a phase inversely proportional to their relative velocity, ϕ kl = γ/v kl . We study the entanglement that arises in the system if at a given time t = 0 the internal state of all particles is initialized to |+ .
One could compute entanglement properties by direct simulation of the Boltzmann gas. Here, however, we will focus on regimes where analytical results can be obtained, namely for large collisional phases and arbitrary times, or for arbitrary phases and in the limits of short and infinite times. In what follows we will use the von Neumann entropy as well as the Réyni entropy as a measure of pure state entanglement. Rényi entropies, S q (ρ) = (1 − q) −1 log 2 (trρ q ), for q > 0 are known to be non-increasing functions of their parameter q, i.e. S q ≤ S q for q > q. Moreover, in the limit q → 1, the Rényi entropy coincides with the von Neumann entropy, and therefore S q=2 = − log 2 (trρ 2 ) provides a lower bound to the von Neumann entropy
In a regime of large collisional phases φ ∼ γσ −1 1 (i.e. large interaction constant or low temperatures ) we can assign to each collision event a random phase in [0, 2π] . This already allows us to find the expected entropy for short times rt < 1, where r = πd 2 n v r is the collision rate and v r = 16KT (mπ) −1 is the mean relative velocity. For these short times a particle will typically collide at most once (with probability rt), and an expected entropy of
2 ). The entropy of entanglement between a block A of size N A and the rest of the system B can be readily obtained by counting the collisions that typically occur between particles of A and B:
For arbitrary times, we can use the convexity of the logarithm function to obtain a lower bound for the von Neumann and Rényi entropies:
From (6), we notice that the coherence C sA,s A only depends on the difference z A = s A − s A . And in particular, the average |C sA,s A | 2 depends only on the number Z A of non-zero entries of z A . Each particle k in B will contribute with a factor 1/2 to the product in (6) , if it has collided with at least one particle of the subset of A where z A has non-zero entries, while a factor one appears otherwise. Since the probability that no such collision occurs is p zA = exp(−rtZ A /N ), on average each term in the product will contribute with a factor 1/2(1 − p zA ) + p zA = (1 + exp(−rtZ A /N ))/2, and taking into account combinatoric factors we arrive at
Numerical results for N A ≤ 8 and arbitrary system sizes show that this lower bound is also a good estimate and describes well the behavior of the entropic entanglement. This lower bound can be supplemented by the upper bound S A ≤ N A S 1 . The latter follows from the sub-additivity property of the von Neumann entropy. In the short-or long-time limits we can simplify the above expression for the entanglement between two arbitrary parts of the Boltzmann gas. For short times rtN A /(N − 1) < 1, we find
which is consistent with the exact result (7) for short times.
In the long-time limit all particles will have collided with all other particles many times and accumulated phases ϕ kl 1, independently of the collisional phase per collision. We refer to such a state as the equilibrium state. As times increases, rt N , every term with z A > 0 in the sum (8) approaches one (disregarding the binomial factor) while the z A = 0 term is equal to two:
The equilibrium state (rt → ∞) has thus the interesting feature that |Ψ ∞ is maximally entangled with respect to all possible bipartitions, i.e. S A ≈ N A , provided that the total number of particles N in the gas is sufficiently large. This is a nontrivial statement especially in the case where both partitions are similarly large. We find that, for whatever bipartition one takes, the expected entropy of entanglement is at most a single bit away from its maximal value:
This result is in agreement with the findings of Page and subsequent work 23,24 studying average or typical entanglement properties of the whole set of multipartite pure states. Another remarkable property of the equilibrium state is that the localizable entanglement between any pair of atoms approaches its maximum value of one e-bit as N increases. The proof is simple. For any pair of atoms {i, j} with an interaction phase ϕ ij we can find a third particle k with which both atoms have accumulated a phase ϕ ik ≈ ϕ jk ≈ π. Then, we measure the remaining gas particles in the z-basis (to effectively decouple them) and particle k in the x-basis. A straightforward calculation shows that the resulting state of particles {i, j} is always maximally entangled,
e no matter what the initial ϕ ij was. Whereas the dynamics of the entanglement strongly depends on the particular type and regime of the semi-quantal gas, the equilibrium state will, in general, be of the type we just described. In particular, it describes the state of the semi-quantal Boltzmann gas also in the regime of small collisional phases, and the lattice gas studied below.
To conclude our analysis of the semi-quantal Boltzmann gas, let us give the short-time entanglement in the regime of small collisional phases. In this regime, we have to take into account the relative velocity of the colliding partners. A simple kinetic theory calculation shows that at short times (rt 1), the expected value for the squared modulus of the coherence is given by
where p r (v) is the relative velocity distribution and |C v | 2 = cos 2 (φ(v)/2) is the squared modulus of the velocity dependent coherence. For small collisional phases γσ −1 < 1, the proportionality factor α can be approximated by
e The distance from the resulting state to a maximally entangled state is of the order of the deviations of phases δϕ ik = π − ϕ ik ∼ 2π/N . For finite N , the proposed strategy is not optimal.
Following the previous reasoning we find
Thus, by writing α ≈
we obtain the rate of entanglement generation in terms of the thermodynamical variables. Whereas in the low temperature regime entanglement grows with the rate of collisions (∝ √ T ), here we find that entanglement generation is governed by the slow collision events (larger phases) leading to the opposite behavior (α ∝ √ T −1 ).
Lattice Gas
The quantum properties of the system are directly linked to the classical statistical properties of the gas through Γ(t). Thus, in general, it is necessary to know the classical n-body distributions to give a complete description of the quantum state. For some gas models and regimes (like the Boltzmann gas presented above) correlations play a minor role and one can find analytical descriptions for single-particle phasespace distributions. In the remainder of this paper we study a lattice gas model that exhibits strong correlations. We use numerical simulations to recreate such classical correlations -or, in other words, produce different random realizations of Γ(t). The model has the additional feature that it can be possibly implemented in a quantum optical system. It has already been shown that an optical lattice can be used to store ultra-cold atomic gases. The degree of control in these experiments is extraordinary. Various system parameters can be adjusted -from the structure of the underlying periodic lattice to the interactions between the atoms -, opening the door to a wide range of experiments and theoretical proposals. 9, [25] [26] [27] [28] [29] [30] In particular, one can choose a parameter regime where each lattice site is occupied by at most one atom. 25, 28 The internal quantum state of the atom (e.g. two meta-stable hyperfine states) can be stored in coherent superpositions over long time-scales (few minutes), while coherent inter-atomic interactions have also been achieved by cold collisions. 26 These interactions correspond precisely to the Ising-type chosen here. One can also find schemes 31 to induce a random (incoherent) hopping of the atoms from one site to its neighboring sites. Hence, we consider an M × M lattice containing N particles that randomly hop from site to site with a hopping rate η, and have nearest-neighbor interactions with coupling constant g o .
We use the above lattice gas model to investigate the typical multipartite entangled states that arise. An interesting observed effect is the creation of clusters, that is, sets of particles that are connected in the graph, such that entanglement can be localized between any of the constituent particles. One finds that the average number N C of particles that form a cluster grows exponentially with time. Similarly, the expected value for the maximal distance max between (localizable) entangled particles increases. After a finite time t 0 , which only depends on the filling factor ν = N M −2 and hopping rate η, almost all particles are connected. That is, after this time t 0 , all particles are pairwise (localizable) entangled and hence max ∼ m, suggesting a (bond) percolation phenomenon in the underlying graph. Concerning block-wise entanglement, Fig. 2(a) shows the expected entanglement between a set of randomly chosen particles and the rest of the system as a function of time. Since all the density matrix elements are initially equal, |Ψ 0 = |+ ⊗N , and all coherences decay to zero with time, we find that the entanglement saturates to its maximum value. At high filling factors the entropy of entanglement undergoes periodic decreases every time the typical accumulated phase φ 1k (t) with a nearest neighbor reaches 2π, i.e. at t ≈ k2π/g with integer k. At lower filling factors we can observe that the entanglement is not additive when increasing the block-size, which indicates the presence of correlated collisions. To highlight this effect, we consider the case where two probe particles move freely in the lattice -with a hopping rate η p possibly different from the hopping rate of the background particles -and only interact with the gas particles that are in the same position. f Figure 2 (b) shows the entanglement of the probes with the rest of the system for different initial relative distances between the two probes, and for different probe hopping rates η p . Small probe hopping rates favor repeated collisions with the same particle -as opposed to independent collisions with different particles. As we saw before, this amounts to coherent addition of the interaction phase, which leads to a much higher rate of entanglement generation. At = 0 and fixed probes (η p = 0), all the collisions with gas particles are exactly correlated. From the above discussion we know that under these circumstances the coherences of the type ρ 01,10 remain untouched while all others decay to zero, leading to a maximal entropy of S(∞) = 1.5. When the probe particles are given a non-zero hopping rate, they start suffering independent collision events which eventually turn the reduced density matrix into a completely mixed one (S = 2).
In the previous plots we assumed that the probe particles were initially prepared in the same quantum state as the background particles. In the following, we study the decoherence of different entangled initial states of the probe particles due to the action of the background gas. In other words, we analyze properties of the average state of the probes, as opposed to average properties of the resulting states. We consider the situation where the probe particles are displaced at a constant speed v relative to the gas. We vary the speed v of the probes as well as the distance d between the probe particles. By doing so, we can distinguish two different effects, analogous to those studied in the context of entanglement generation: (i) By decreasing the probe speed, we analyze the effect of multiple interactions with the same particle in contrast to interactions with different (independent) particles.
(ii) By increasing the distance, we turn from correlated to independent interactions of the probes with particles in the remaining system. Figure 3 η, where a is the intersite spacing) so that a fixed value ϕ = 0.1 can be assigned to the collisional phase every time a probe particle crosses an occupied site. These two scenarios illustrate the difference between Markovian and non-Markovian environments. A large probe speed enforces a perfect Markovian behavior which matches the analytical curve. shows the concurrence at a given time t o as a function of the distance for three different entangled states: two Bell states and a cluster state (see figure  caption) . For Bell states the concurrence is equal to the absolute value of their only non-zero off-diagonal element in the density matrix, and therefore Fig. 3 provides direct information about the individual coherences. The figure clearly shows the influence of correlated collisions: coherences ρ 01,10 (appearing in |ψ + ) are robust against correlated noise, coherences ρ 00,11 (appearing in |φ + ) are especially fragile under correlated noise, and the remaining coherences decay in the same way under correlated or uncorrelated noise (hence, the weak distance dependence of |G ). From Fig. 3(b) , it is also evident that the environments become more and more independent as d increases. In the limit of large distances (i.e. independent channels) the concurrence of the Bell states and the cluster state are related by C G = max{0, 
√
C Bell + C Bell )}.
Summary and Outlook
In this paper we studied the stochastic generation of entanglement in a spin gas where the classical kinematics of the particles drives the quantum state of the manybody system. This provides a novel scenario to study relationships between classical thermodynamical variables and properties of the quantum state of the system such as quantum correlations, rate of entanglement generation, saturation values and clustering effects. We have shown how to formalize such systems under quite general conditions and examined in some detail the cases of the Boltzmann and the lattice gas. We have fully characterized the bipartite aspects of the entangled Nbody state at long times, showing that maximum entanglement is asymptotically reached for all possible bipartitions. The formalism has also enabled us to treat exactly a microscopic model for non-Markovian decoherence, or in other words, the time dependent maps describing the decoherence process of a set of probe particles that are in contact with the gas. We have seen that by changing the system parameters one can reach qualitatively different behaviors. The proposed models open the door to study entanglement dynamics in mesoscopic disordered systems. The recent experimental breakthroughs on cold atoms in optical lattices [25] [26] [27] provide promising perspectives for the experimental study of spin gases.
